Quite often the zero mode dynamics on solitonic vortices are described by a non-conformal effective world-sheet sigma model (WSSM). We address the problem of solitonic string quantization in this case. As well-known, only crfitical strings with superconformal WSSMs are self-consistent in ultra-violet (UV) domain. Thus, we look for the appropriate UV completion of the low-energy non-conformal WSSM. We ague that for the solitonic strings supported in well-defined bulk theories the UV complete WSSM has a UV fixed point which can be used for string quantization. As an example, we consider BPS non-Abelian vortices supported by four-dimensional (4D) N = 2 SQCD with the gauge group U(N ) and N f quark multiplets where N f ≥ N . In addition to translational moduli the non-Abelian vortex under consideration carries orientational and size moduli. Their low-energy dynamics are described by a two-dimensional N = (2, 2) supersymmetric weighted model, namely, WCP(N, N f − N ). Given our UV completion of this WSSM we find its UV fixed point. The latter defines a superconformal WSSM. We observe two cases in which this conformal WSSM, combined with the free theory for four translational moduli, has ten-dimensional target space required for superstrings to be critical.
Introduction
String theory vacua are associated with conformal two-dimensional (2D) sigma models (SMs) on the string world sheet. This SM defines a vacuum for the critical string theory if its Virasoro central charge equals 26 for the bosonic string or 15 for the superstring, see for example, textbook [1] . If not, the Liouville field does not decouple [2] and its central charge adds up to make the total central charge with ghosts included to be zero.
What about solitonic strings?
In particular, what can we say about confining solitonic strings present in certain four-dimensional (4D) gauge theories? Their quantization is a major problem -if resolved the solution would give us a first-principle framework for studying hadronic physics.
This problem was first addressed by Polchinski and Stromiger [3] for the Abrikosov-Nielsen-Olesen (ANO) vortex [4] in 4D Abelian-Higgs model. For the ANO vortex, the effective theory on the string world sheet reduces to the Nambu-Goto action for the translational zero modes, which in turn reduces to a free theory in the Polyakov formulation [2] and, therefore, is obviously conformal. However, it is not critical in 4D. The authors of [3] argued that higher-derivative corrections improve the ultra-violet (UV) behavior of the theory. In particular, a six-derivative term was suggested in [3] which is in fact the Liouville action expressed in terms of the induced metric.
Many solitonic strings present an even more challenging problem: their effective world sheet theory is not conformal. In this paper we consider (as an example) BPS non-Abelian vortices supported in 4D N = 2 supersymmetric QCD (SQCD) with the gauge group U(N ) and N f ≥ N , N f < 2N quark flavors. Besides four translational moduli, the non-Abelian vortex have orientational and size moduli. Their low-energy dynamics is described by 2D N = (2, 2) weighted CP model (WCP(N,Ñ )) on the string world sheet [5, 6, 7, 8] , with N = N f − N (see [9, 10, 11, 12] for reviews). This model is not conformal for N f < 2N and is unsuitable for string quantization. It has no world-sheet reparametrization invariance.
This question is puzzling. Say, N = 2 SQCD is a completely well-defined self-consistent theory at all distances. How come we cannot construct a string theory free of pathology for a solitonic vortex string supported by the above 4D theory?
In this paper we build on the Polchinski-Strominger idea [3] that higher derivative corrections should improve UV behavior of the string world-sheet sigma model (WSSM). We will search for the UV completion of the infra-red (IR) WSSM. For a well-defined 4D theory the UV completion of our IR WSSM should have a conformal fixed point in the UV which defines a quantizable string theory for the solitonic vortex. The string states of the UV complete theory should describe hadrons of the original 4D gauge theory.
In this paper we suggest for the non-Abelian vortex in N = 2 SQCD a sought for UV completion. Starting from WCP(N, N ) model in the IR we find a UV-complete WSSM which satisfies all symmetry requirements. In particular, N = (2, 2) supersymmetry is most restrictive.
We find two cases in which the UV fixed point becomes a 2D conformal theory (CFT) with a 10D target space required for a superstring to be critical. The target space is of the form R 4 × Y 6 , where R 4 stands for the flat space of our 4D SQCD and comes from four translational zero modes on the vortex, while Y 6 is a non-compact Calabi-Yau manifold.
The first case is N = 2 SQCD with the gauge group U(N = 2) and N f = 3 quark flavors. In this case Y 6 is the six dimensional conifold, see [18] for a review. The infrared WSSM is asymptotically free.
The string theory on the conifold was studied previously in our papers [13, 14, 15, 16] . There, we considered the non-Abelian vortex in N = 2 SQCD with the gauge group U(N = 2) and four quark flavors, N f = 4. Then the infrared WSSM is already conformal and critical and defines a string theory for a particular value of the coupling constant where the vortex is conjectured to become infinitely thin. The string theory on the conifold was reduced in a certain limit to a noncritical little string theory (LST) (see [17] for a review). The spectrum of the closed string states with the lowest spins was exactly found in [15, 16] .
In this paper we do not assume that the non-Abelian vortex is infinitely thin. Instead, the thickness of the vortex sets a scale which plays a crucial role in our construction of the UV complete WSSM. However, it turns out that the UV completion we suggest for the world sheet theory on the nonAbelian vortex in N = 2 SQCD with N f = 3 flavors leads exactly to the string theory on the conifold mentioned above. Therefore, we use the results obtained in [14, 15, 16] to describe the hadron spectrum for N = 2 SQCD with N = 2 and N f = 3.
The second case in which our UV completion leads to a critical superstring is N = 2 SQCD with the gauge group U(N = 3) and N f = N = 3 quark flavors. In this case the infrared sigma model on the non-Abelian vortex is CP(N − 1 = 2) model. Its UV completion has a UV fixed point with a target space described by a non-compact Calabi-Yau manifold Y 6 which is the O(−3) line bundle over CP (2) and has local CP(2) × C geometry, see [18] for a review.
This case is new; the detailed study of the associated string theory is left for future work. However, in much the same way as for the conifold case the string spectrum does not contain massless 4D graviton due to noncompactness of the "extra-dimensional" part of the target manifold Y 6 , cf. [14, 15] . This is of course a desired result since our starting point is 4D N = 2 SQCD without gravity.
The paper is organized as follows. In Sec. 2 we describe general requirements for constructing the UV completion of the IR WSSMs. In Sec. 3 we review non-Abelian vortices in N = 2 SQCD and in particular, describe the IR WCP(N, N ) models on the string world sheet. In Sec. 4 we construct UV completion of the world sheet theory and describe its UV fixed point. In Sec. 5 we consider the critical string for the case N = 2 and N f = 3 and review our results for the string spectrum obtained in [14, 15, 16] for the conifold case. In Sec. 6 we discuss the critical string for the case N = 3 and N f = 3 and briefly comment on expected general properties of the resulting string theory. Section 7 summarizes our conclusions.
Quest for the UV completion
Schematically, the world sheet theory for a solitonic vortex in 4D Yang-Mills theory can be written as
where σ α (α = 1, 2) are the world-sheet coordinates, h = det(h αβ ), where h αβ is the world-sheet metric understood as an independent variable in the Polyakov formulation [2] . The IR sigma model has the low-energy sigma model action with no more than two derivatives which includes zero modes of the vortex promoted to 2D fields.
Higher derivative corrections run in powers of the ratio ∂ 2 /m 2 G where m G is the scale of masses of the 4D fields which form the vortex solution. If the 4D theory is in the Higgs regime then m G is the mass of the gauge and Higgs fields 1 . It determines the inverse thickness of the vortex and plays the role of the UV cutoff for IR WSSM. At weak coupling m G is given by
where T is the string tension and g is a gauge coupling. While the IR WSSM is known in most cases and can be derived from the 4D gauge theory under consideration, the infinite series of higher-derivative corrections are generally unknown. Still, as we argue in Sec. 1, they are important for the formulation of a well-defined string theory for a given vortex. As usual, in effective theories we can think that higher-derivative corrections appear as a result of integrating out massive fields residing on the string. Since higher-derivative corrections are determined by the 4D mass m G we expect that these world-sheet fields have masses ≥ m G . One example of such massive mode is the transverse size of the string itself promoted to a 2D field depending on world sheet coordinates.
Our strategy to find a UV completion for the IR WSSM will be as follows. Instead of attempting to find an infinite series of higher derivative-corrections we include in the world sheet-theory massive states mass ≥ m G . At first sight this task looks hopeless since we have to detrmine way too many massive modes. Fortunately, this is not the case. In fact, we are interested only in discrete normalizable modes localized near our string. Non-normalizable modes such as the continuous spectrum of modes with the plane-wave asymptotics have nothing to do with the string -they describe perturbative excitations present in the bulk of our 4D theory.
Thus our task is to find a few normalizable massive modes, the mode associated with the string transverse size being the first priority. In principle this can be done by an honest calculation, however, in this paper we will conjecture UV completions for the BPS non-Abelian vortices in N = 2 SQCD using the following general requirements.
(i) The UV completion should have a UV fixed point.
(ii) It should be N = (2, 2) supersymmetric for the BPS vortex in N = 2 supersymmetric 4D theory. This is the most restrictive requirement.
(iii) The UV completion of the world sheet theory cannot have extra global symmetries not present in 4D theory (and in the infrared WSSM). In fact, we found that this requirement is too restrictive and did not allow us to find any reasonable UV completion. Therefore we replace it with a somewhat relaxed version which is still physically reasonable.
(iii relaxed ) If the UV completion has an additional global symmetry not present in our 4D theory the string states have all to be singlets with respect to this symmetry. Then it becomes a "phantom" symmetry. This relaxed version is minimally necessary. Indeed, the hadronic states made of strings cannot be charged with respect to a symmetry absent in the underlying 4D SQCD.
3 Non-Abelian vortices
Non-Abelian vortex-strings were first found in 4D N = 2 SQCD with the gauge group U(N ) and N f ≥ N quark flavors supplemented by the FI D term ξ [5, 6, 7, 8] , see for example [11] for a detailed review of this theory. In particular, the matter sector of the U(N ) theory contains N f quark hypermultiplets each consisting of the complex scalar fields q kA and q Ak (squarks) and their fermion superpartners -all in the fundamental representation of the SU(N ) gauge group. Here k = 1, ..., N is the color index while A is the flavor index, A = 1, ..., N f . In this paper we assume the quark mass parameters to vanish. In addition, we introduce the FI parameter ξ in the U(1) factor of the gauge group. It does not break N = 2 supersymmetry.
At weak coupling, g 
where we present the squark fields as matrices in the color (k) and flavor (A) indices. These VEVs break the U(N ) gauge group. As a result, all gauge bosons are Higgsed. The Higgsed gauge bosons combine with the screened quarks to form long N = 2 multiplets with the mass
In addition to the U(N ) gauge symmetry, the squark condensate (3.1) breaks also the flavor SU(N f ) symmetry. A diagonal global SU(N ) combining the gauge SU(N ) and an SU(N ) subgroup of the flavor SU(N f ) group survives, however. This is a well known phenomenon of color-flavor locking.
Thus, the unbroken global symmetry of our4D SQCD is
3)
see [11] for more details. Above,
The unbroken global U(1) B factor in Eq. (3.3) is identified with a baryonic symmetry. Note that what is usually identified as the baryonic U(1) charge is a part of our 4D theory gauge group. "Our" U(1) B is an unbroken (by squark VEVs) combination of two U(1) symmetries: the first is a subgroup of the flavor SU(N f ) and the second is the global U(1) subgroup of U(N ) gauge symmetry.
The 4D theory has a Higgs branch H formed by massless quarks which are in the bifundamental representation of the global group (3.3) and carry baryonic charge, see [14] for more details. The dimension of this branch is
At large ξ the theory is weakly coupled. Namely, the gauge coupling freezes at the scale m G (see (3.2) ) and at m G Λ we have
were Λ is the dynamical scale of the 4D SU(N ) gauge theory.
As was already noted, we consider N = 2 SQCD in the Higgs phase: N squarks condense. Therefore, the non-Abelian vortex strings at hand confine monopoles. In the N = 2 bulk theory the above strings are 1/2 BPSsaturated; hence, their tension is determined exactly by the FI parameter,
However, the monopoles cannot be attached to the string endpoints. In fact, in the U(N ) theories confined monopoles are junctions of two distinct elementary non-Abelian strings [20, 7, 8] U(N ) gauge theory we can have baryons appearing as a closed "necklace" configurations of N ×(integer) monopoles [11] . For the U(2) gauge group the lightest baryon presented by such a "necklace" configuration consists of two monopoles, see Fig. 1 . Both stringy monopole-antimonopole mesons and monopole baryons with spins J ∼ 1 have masses determined by the string tension, ∼ √ ξ and are heavier at weak coupling than perturbative states with masses m G ∼ g √ ξ. Thus they can decay into perturbative states 2 and in fact at weak coupling we do not expect them to appear as stable closed string states. Below we will confirm this expectation from the sting theory side.
If we make ξ small, ξ Λ our 4D theory becomes weakly coupled in the dual description, see [21] for a review. The dual gauge group U( N )×U (1) N − N is Higgsed. Vortices are supported in the dual theory too. They still confine monopoles. Quarks and gauge bosons of the original theory are in the insteadof-confinement phase and form monopole mesons and baryons of the type shown in Fig. 1 . For N f > N we expect that these states are heavy and unstable.
Only in the "true" strong coupling domain g 2 ∼ 1 or m G ∼ Λ we expect that hadrons shown in Fig. 1 become stable and can be described as closed string states of the soliton string theory.
World-sheet sigma model
The presence of the color-flavor locked group SU(N ) C+F is the reason for the formation of the non-Abelian vortex strings [5, 6, 7, 8] . The most important feature of these vortices is the presence of the orientational zero modes. As we already mentioned, in N = 2 SQCD these strings are 1/2 BPS-saturated.
Let us briefly review the model emerging on the world sheet of the nonAbelian string [11] .
The translational moduli fields (they decouple from all other moduli) in the Polyakov formulation [2] are given by the action
where x µ (µ = 1, ..., 4) describe the R 4 part of the string target space. If N f = N the dynamics of the orientational zero modes of the nonAbelian vortex, which become orientational moduli fields on the world sheet, are described by two-dimensional N = (2, 2) supersymmetric CP(N − 1) model.
If one adds additional quark flavors, non-Abelian vortices become semilocal -they acquire size moduli [22] . In particular, for the non-Abelian semilocal vortex at hand, in addition to the complex orientational moduli n P (here P = 1, ...N ), we must add the size moduli ρ K (where K = 1, ... N ), see [22, 5, 8, 23, 24, 25] . The size moduli are also complex.
3 The low-energy dynamics of the orientational and size moduli are described by the weighted CP model, which we denote WCP(N, N ).
The gauged formulation of WCP(N, N ) is as follows [31] . One introduces the U(1) charges ±1, namely +1 for n's and −1 for ρ's. The bosonic part of the action reads
where
while A α and the complex scalar σ form a bosonic part of an auxiliary gauge supermultplet. In the limit e 2 → ∞ the gauged linear model (3.8) reduces to WCP (N, N ) .
Classically the coupling constant β in (3.8) is related to the 4D SU(2) gauge coupling g 2 via [11]
In quantum theory the 2D coupling β runs. The relation (3.10) is imposed at the UV cutoff for the effective 2D theory (3.8) . This UV cutoff is given by the scale m G which determines the inverse thickness of the vortex [11] . Below m G the IR WSSM is asymptotically free with the coupling β given by
where µ is the the normalization point below m G . Note that the first (and the only) coefficient of the β functions is the same for the 4D SQCD and the IR WSSM. This ensures that the scale of WCP(N, N ) coincides with Λ of the 4D theory [11] .
The global symmetry of the IR WSSM (3.8) is
i.e. exactly the same as the unbroken global group in the 4D theory (3.3). The fields n and ρ transform in the following representations:
Physically the profile of a semilocal vortex in the plane orthogonal to the string axis has a two-layer structure. It has a hard core of radius m −1 G formed by heavy 4D fields and a long-range tail with power fall-off of the profile functions at infinity. The tail is formed by massless quark fields fluctuating along the Higgs branch. Moduli ρ K characterize "sizes" of the massless tail of the vortex [22, 25] . For N f = N size moduli ρ K disappear and the model (3.8) reduces to CP(N − 1) in the gauge formulation [26] .
To conclude this section we note, that one can add small masses to quarks in 4D SQCD. This will result in adding twisted masses (equal to 4D quark masses) to n and ρ-fields in (3.8), see [11] . The twisted masses do not break N = (2, 2) supersymmetry. They can be introduced by gauging a global U(1) symmetry associated with each n P or ρ K field and then freezing all components of the gauge multiplet, while the constant values of the σ fields will determine the mass [27] . For simplicity we do not introduce quark masses in this paper.
The UV completion of WSSM
As we have already mentioned, our WSSM in (3.8) is asymptotically free for N f < 2N and cannot serve as a sigma model for the string quantization.
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In this section we suggest its UV completion using requirements outlined in Sec. 2. As the simplest choice we can add a massive complex field ρ H with mass ∼ m G to the WCP(N, N ) model (3.8), which physically describes fluctuations of the string hard core. We give the supermultiplet of these fields the charge ( N − N ) with respect to the auxiliary U(1) gauge field in (3.8). The only possibility to preserve N = (2, 2) supersymmetry and the U(1) gauge invariance is to endow this field with a complex twisted mass m H [27] . Then, the bosonic action takes the form
where P = 1, ..., N and K = 1, ..., N , while
2)
The subscript H means "heavy". The new field ρ H has an interpretation of a transverse size of the string core. This field enters in the action (4.1) on the same footing as the "tail sizes" ρ K , namely, all ρ fields have negative electric charge. The difference is that ρ H is heavy.
The absolute value of the mass parameter m H is identified with the mass m G in our 4D SQCD,
while the phase is given by the phase of Λ of the 4D theory. For simplicity we assume this phase vanishes. At the scales above m G the model (4.1) is conformal since the sum of the electric charges of all fields n P , ρ K and ρ H is zero. Below this scale ρ H can be integrated out and the model (4.1) reduces to (3.8) . The running of its coupling is determined by (3.11) . Thus, in the conformal regime (well above m G ) the coupling of the world sheet theory does not run and is given by
The total bosonic world-sheet action is given by the sum of (4.1) and (3.7),
The UV fixed point of this N = (2, 2) WSSM defines our superstring theory. The D-flatness condition in (4.1),
(supplemented by factorization with respect to the U(1) gauge phase) survives in the UV and determines the "extra-dimensional" target space of our string sigma model. The above UV conformal sigma model satisfies all requirements of Sec. 2 except the condition (iii). Clearly, adding the field ρ H increases the global symmetry of the model in the UV. For example, if (N − N ) = 1 we obtain an extra U(1) symmetry. A natural way to get rid of this extra global symmetry is to gauge it adding a second U(1) gauge field to the model. We found however, that this does not lead to a consistent string theory. Therefore, below we will use the relaxed version of the condition (iii) and check that it is satisfied, see Sec. 2.
The number of real bosonic degrees of freedom in (4.6) is
where 2 × (+1) arises from the ρ H field , while 2 × (−1) is associated with Dflatness condition and one U(1) phase eaten by the Higgs mechanism. Adding four translational moduli from (3.7) we get ten dimensional target space if
This is a condition of criticality for our superstring. It has two solutions In both cases the target space of the 2D sigma model has the form
where Y 6 is a non-compact Calabi-Yau manifold. Note that our 2D sigma model preserves N = (2, 2) supersymmetry which is a necessary condition for a superstring to have N = 2 space-time supersymmetry in 4D [28, 29] .
String theory on the conifold
In this section we will consider a critical string theory on R 4 × Y 6 emerging in 4D SQCD with the U(2) gauge group and N f = 3 flavors. It corresponds to the first solution, Eq. (4.9). The electric charge of ρ H is −1 in this case so we have two n-fields with charge +1 and two ρ-fields with charge −1. The model (4.1) reduces in the UV to WCP(2, 2) model.
As was mentioned in Sec. 1, the string theory based on this sigma model was studied earlier in our papers [13, 14, 15, 16] . In these papers we considered the non-Abelian vortex in N = 2 SQCD with gauge group U(N = 2) and four quark flavors, N f = 4. In that case the IR WSSM was given by WCP(2, 2). The latter model is conformal and critical and defines a string theory at a particular value of the coupling constant where the vortex was conjectured to become infinitely thin. Now we do not assume that the non-Abelian vortex is infinitely thin. Now we consider U(N = 2) SQCD with N f = 3, while the additional ρ H field describes the size of the core of the non-Abelian vortex. However, in the UV limit our UV completion of the world sheet theory (4.1) reduces to WCP(2, 2). Thus, we can use the results obtained in [13, 14, 15, 16] to describe the spectrum of the closed string states in SQCD with three quark flavors. Below we review and reinterpret these results.
Note that the global symmetry of WCP(2, 2) model is
so we have an extra SU(2) symmetry in our WSSM compared to the symmetry of the 4D theory, see (3.3) for N = 2, N = 1. In this section we will see that the string states are not charged with respect to this "UV symmetry." The D-flatness condition takes the form
and a U(1) phase is gauged away. This condition defines a non-compact six dimensional Calabi-Yau space, the conifold, see [18] for a review. The non-compactness is the most crucial feature of our "extra-dimensional" space Y 6 . Most of the modes have non-normalizable wave functions over Y 6 and therefore do not produce dynamical fields in 4D. Only normalizable over Y 6 modes localized near the tip of the conifold can be interpreted as hadrons of 4D theory.
It is easy to see that normalizable localized states can arise only at strong coupling in 4D SQCD. To see this we note that at weak coupling in 4D, m G Λ, according to (4.4) we have weak coupling in WSSM too, β c 1. In this regime the space defined by (5.2) approaches a flat six dimensional space. It is clear that in this limit there are no localized discrete states on Y 6 . The spectrum of states is continuous, with the plane-wave asymptotics of the wave functions. All these states are non-normalizable. The same is true for m G Λ when β c −1. Only at strong coupling m G ∼ Λ or β c ∼ 0 do we have a chance to find normalizable states.
Massless baryon
The only 4D massless state found in [14] is the one associated with the deformation of the conifold complex structure. All other modes arising from the massless 10D graviton have non-normalizable wave functions over the conifold. In particular, the 4D graviton associated with a constant wave function over the conifold is absent [14] . This result matches our expectations since from the very beginning we started from N = 2 SQCD in the flat fourdimensional space without gravity.
Let us construct the U(1) gauge-invariant "mesonic" variables from the fields n and ρ, w
Here ρ S = (ρ, ρ H ), S = 1, 2. These variables are subject to the constraint det w P S = 0, or
where w P S ≡ σ P S n w n , and the σ matrices above are (1, −iτ a ), a = 1, 2, 3. Equation (5.4) defines the conifold Y 6 . It has the Kähler Ricci-flat metric and represents a non-compact Calabi-Yau manifold [30, 31, 18] . It is a cone which can be parametrized by the non-compact radial coordinate
and five angles, see [30] . Its section at fixed r is S 2 × S 3 . At β c = 0 the conifold develops a conical singularity, so both S 2 and S 3 can shrink to zero. The conifold singularity can be smoothed out in two distinct ways: by deforming the Kähler form or by deforming the complex structure. The first option is called the resolved conifold and amounts to introducing a non-zero β c in (5.2). This resolution preserves the Kähler structure and Ricci-flatness of the metric. If we put ρ K = 0 in (5.2) we get the CP(1) model with the S 2 target space (with radius √ β c ). The resolved conifold has no normalizable zero modes. In particular, the modulus β c which becomes a scalar field in four dimensions has non-normalizable wave function over the Y 6 manifold [14] .
As explained in [32, 14] , non-normalizable 4D modes can be interpreted as (frozen) parameters of the 4D theory. The β c field is the most straightforward example of this, since the 2D coupling β c is related to the ratio m G /Λ in 4D SQCD, see (4.4) .
If β c = 0 another option exists, namely a deformation of the complex structure [18] . It preserves the Kähler structure and Ricci-flatness of the conifold and is usually referred to as the deformed conifold. It is defined by deformation of Eq. (5.4), namely,
where b is a complex number. Now the S 3 can not shrink to zero, its minimal size is determined by b.
The modulus b becomes a 4D complex scalar field. The effective action for this field was calculated in [14] using the explicit metric on the deformed conifold [30, 33, 34] ,
where L is the size of R 4 introduced as an infrared regularization of logarithmically divergent b field norm. 6 We see that the norm of the b modulus turns out to be logarithmically divergent in the infrared. The modes with the logarithmically divergent norm are at the borderline between normalizable and non-normalizable modes. Usually such states are considered as "localized" on the string. We follow this convention.
The field b, being massless, can develop a VEV. Thus, we have a new Higgs branch in 4D N = 2 SQCD which opens up only for the critical value of the coupling constant β c = 0 (m G = Λ).
In [14] the massless state b was interpreted as a baryon of 4D N = 2 SQCD. Let us explain this. From Eq. (5.6) we see that the complex parameter b (which is promoted to a 4D scalar field) is a singlet with respect to both SU(2) factors in (5.1). What about its baryonic charge?
Since
we see that the b state transforms as
where we used (3.13) and (5.6). Three numbers above refer to the representations of (5.1). In particular, it has the baryon charge Q B (b) = 2. As shown in [14] our string on the conifold is of type IIA. For type IIA superstring the complex scalar associated with deformations of the complex structure of the Calabi-Yau space enters as a component of a massless 4D N = 2 hypermultiplet, see [35] for a review. Instead, for type IIB superstring 6 The infrared regularization on the conifold r max translates into the size L of the 4D space because the variables ρ in (5.5) have an interpretation of the vortex string sizes,
it would be a component of a vector BPS multiplet. Non-vanishing baryonic charge of the b state confirms our conclusion that the string under consideration is of type IIA. The associated hypermultiplet is explicitly constructed in [16] .
Massive states
In fact the critical string theory on the conifold is hard to use for calculating the spectrum of massive (non-BPS) string modes because the supergravity approximation does not work at β c = 0. In this section we review the results obtained in [15] based on the little string theory (LST) approach, see [15] for details. Namely, we used the equivalent formulation of our string theory on the conifold as a non-critical c = 1 string theory with the Liouville field φ and a compact scalar Y at the self-dual radius formulated on the target space [36, 37 ]
This theory has a linear in φ dilaton, such that string coupling is given by
The value of the background charge of the Liouville field (= √ 2) ensures that the central charge of the supersymmetrized c = 1 theory is equal to 9, exactly what is needed for criticality.
Generically the above equivalence is formulated in a certain limit between the critical string on the non-compact Calabi-Yau spaces with an isolated singularity on the one hand, and non-critical c = 1 string with the additional Ginzburg-Landau N = 2 superconformal system [36] , on the other hand. In the conifold case the extra Ginzburg-Landau factor in (5.10) is absent [38] .
The Ginzburg-Landau superconformal system, if present, would have a superpotential defined by the left-hand side of Eq.(5.4). In this case the vertex operators would contain dependence on powers of fields w n charged with respect to SU(2)× SU(2) factor in (5.1), c.f. [36] . However, since the Ginzburg-Landau system is absent for the conifold case the string states are not charged with respect to SU(2) factors of the global group. As we will see below, they all have baryonic charge.
In fact the c = 1 non-critical string theory on (5.10) can also be described in terms of two-dimensional black hole [39] , which is the SL(2, R)/U(1) coset Wess-Zumino-Novikov-Witten theory [40, 37, 41, 36] 
where k is the total level of the Kač-Moody algebra in the supersymmetric version (the level of the bosonic part of the algebra is then k b = k + 2 = 3). In [42] it was shown that N = (2, 2) SL(2, R)/U(1) coset which can be exactly solved by algebraic methods is a mirror description of the c = 1 Liouville theory. The target space of this theory has the form of a semiinfinite cigar; the field φ associated with the motion along the cigar cannot take large negative values due to semi-infinite geometry. In this description the string coupling constant at the tip of the cigar is g s ∼ 1/b. If we following [36] take b large the string coupling at the tip of the cigar will be small and the string perturbation theory becomes reliable, cf. [36, 49] . In particular, we can use the tree-level approximaion to obtain the string spectrum.
The vertex operators for the string theory on the manifold (5.10) are constructed in [36] , see also [40, 38] . Primaries of the c = 1 part for large positive φ (where the target space becomes a cylinder R φ × S 1 ) take the form
where 2m is integer. Scaling dimension of the primary operator (5.13) is
14)
The spectrum of the allowed values of j and m in (5.13) was exactly determined using the Kač-Moody algebra for the coset SL(2, R)/U(1) in [43, 44, 45, 46, 40] , see [47] for a review. We will look for string states with normalizable wave functions over the "extra dimensions" which we will interpret as hadrons in 4D N = 2 SQCD. These states come from the discrete spectrum. For k = 1 we are left with only two allowed values of j [15] , For scalar states in 4D the GSO projection restricts the integer 2m for the operator in (5.13) to be odd [48, 36] , and we have only one possibility j = − 1 2 , see (5.15) . This determines the masses of the 4D scalars [15] ,
In particular, the state with m = ±1/2 is the massless baryon b, associated with deformations of the conifold complex structure [15] , while states with m = ±(3/2, 5/2, ...) are massive 4D scalars.
At the next level we consider 4D spin-2 states. The GSO projection selects now 2m to be even, |m| = 0, 1, 2, ... [36] , thus we are left with only one allowed value of j, j = −1 in (5.16). Moreover, the value m = 0 is excluded. This leads to the following expression for the masses of spin-2 states [15] :
We see that all spin-2 states are massive. This confirms the result in [14] that no massless 4D graviton appears in our theory. It also matches the fact that our "boundary" theory, 4D N = 2 QCD, is defined in flat space without gravity.
The momentum m in the compact Y direction of the vertex operator (5.13) is related to the baryon charge of a string state [15] , Now we can check that the condition (iii) relaxed in Sec. 2 is fulfilled. We see that all states found in [15] have baryonic charge and, as was explained above, none of them are charged with respect to SU(2) factors in (5.1). 
where P = 1, 2, 3.
In the UV limit the D-flatness condition reads
and one U(1) phase is gauged away. The coupling β c does not run and is determined by Eq. (4.4) with N = 3 and N = 0. The sigma model target space Y 6 defined by (6.2) is a non-compact Calabi-Yau manifold which is the O(−3) line bundle over CP(2) and locally has CP(2) × C structure, see [18] for a review. The string theory on this space is new and here we restrict ourselves to a few general comments leaving the detailed study of this theory for future work.
In much the same way as in the conifold case the string theory on the manifold (6.2) does not contains 4D massless graviton. The reason is that the manifold (6.2) is not compact and 4D graviton which has a constant wave function over Y 6 is a non-normalizable state. Of course, this conclusion match our expectations because we started with U(3) N = 2 SQCD without gravity.
Moreover, in much the same way as in the conifold case we have a chance to find normalizable string states only at strong coupling m G ∼ Λ or β c ∼ 0. To see that this is the case we note that at |β c | → ∞ the manifold Y 6 in (6.2) tends to flat space.
The global group of Y 6 in (6.2) is
where U(1) extra is an extra U(1) associated with the global rotation of the ρ H field. This U(1) is absent in 4D SQCD. Below we will argue that closed string states are not charged with respect to this extra U (1) . Without the analysis of the string theory on the manifold (6.2), to be carried out later, for the time being we formulate pure field theoretical arguments. Note, that global charges of string states come from confined monopoles seen as kinks in the world sheet theory, see [11] and Sec. 3 above. We show in the Appendix that kinks in the UV completion of the world sheet sigma model (6.1) are not charged with respect to U(1) extra . This implies that closed string states of the theory on the manifold (6.2) are not charged with respect to U(1) extra . The requirement (iii) extra of Sec. 2 is fulfilled.
Conclusions
In this paper we presented a UV completion for a conventional non-Abelian string with CP (N )-like models on the world sheet. In our construction the above string flows to a conformal superstring above a certain scale m G . With the judicious choice of parameters this solitonic string becomes critical. The dependence of the string spectrum on m G is not yet explored. Also, the second of two solutions presented -the U(N = 3) gauge group and N f = N = 3 quark flavors -with the target space described by a non-compact Calabi-Yau manifold Y 6 has to be further investigated. We plan to address both issues in a forthcoming publication. kinks in N = (2, 2) WCP(N, N ) were studied in [52] using this approach. Here we briefly describe how this can be done for WSSM in (6.1).
The model (6.1) is described by affine Toda theory with the mirror twisted superpotential [51] 
supplemented by the constraint
where X P and Y are twisted superfields associated with n P and ρ H in the mirror description and Λ is the scale given by where dots represent corrections in Λ/m H . We see that we have N vacua labeled by the integer l. All X P are equal, while Y is large and given by m G /Λ.
discuss why corrections cannot appear
Now consider the kink interpolating between neighboring vacua, say with l = 0 and l = 1. The kink solution has the following structure c.f. [51, 52] . All X P 's start in the vacuum with l = 0 and end in the vacuum with l = 1. Moreover, all X P with P = P 0 (were P 0 is fixed for a given kink solution) are equal to each other and have phases which wind by the angle 2π/N in the anti-clockwise direction. Then the constraint (A.4) ensures that X P 0 winds in the opposite where we use (A.3). We see explicitly that no dyonic dependence on im H appear.
The explicit profile functions of the kink solutions are irrelevant for determination of the kink spectrum, since the latter is given by central charges -the differences of the superpotential on the initial and final vacua. The phases of X P and Y are important, however, because the logarithm in (A.3) is a multivalued function. In particular, the unwanted term proportional to im H would appear if the field Y winds on the kink solution.
We see that we have exactly N kinks labeled by P 0 = 1, ..., N . We call them n-kinks. They form the N -plet of the global SU(N ) symmetry. However they are not charged with respect to U(1) extra , see (6.3) .
To make this conclusion more transparent let us compare kinks in the model (6.1) with kinks in the model where instead of one ρ H field with electric charge −N we take N ρ K fields with charges −1 and the same mass m H , K = 1, ..., N . This theory is WCP (N, N ) model. In the mirror description of this theory [51, 52] we have N fields Y K and the constraint (A.4) is replaced by In much the same way as in the model (6.1) this model has n-kink solutions for which ρ K fields do not wind. However, there are also ρ-kinks which have the following structure [52] . All X P 's start in the vacuum with l = 0 and end in the vacuum with l = 1 and are equal to each other. The presence of dyonic term im H shows that ρ-kinks are charged with respect to the global U(1) associated with the common rotation of all ρ fields. This example shows the difference. In our model (6.1) we do not have ρ kinks.
